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Abstract 

Rubio de Francia proved the one-sided Littlewood-Paley inequality 
for arbitrary intervals in L p , 2 < p < oo. In this article, his methods 
are developed and employed to prove an analogue of such an inequality 
in (H p )*, < p < 1. The spaces (H p )* coincide with the so-called 
Morrey-Campanato spaces. It turns out that some of these spaces are 
well-known classes: BMO, the Holder and Lipschitz spaces, etc. 



1 History and results 

Let {A m } be a finite or countable collection of mutually disjoint intervals 
in R. By M& m we denote the operators corresponding to the multipliers XA m : 
MA m f = (/XA m ) v - In 1983, Rubio de Francia (see [5]) proved that 

||(^|M Am /| 2 ) 1/2 <C P ||/|| LP(M) , 2<p<oo, (1) 

II V z — 4 / Lp(R) 

rn 

where the constant C p does not depend on / or {A m }. By duality, this 
estimate is equivalent to the following one: 

llE/J <cJ|(^|/ m | 2 ) 1/2 , Kp<2, (2) 

W*-^ 4 \\Lp(R) II V^-^ / Lp CM) 
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where {f m } is a sequence of functions such that supp/ m C A m . In 1984, 
Bourgain (see [1]) proved that estimate (2) remains true for p — 1. His 
method was more complicated then Rubio de Francia's arguments. But in 
2005, Kislyakov and Parilov employed a technique similar to Rubio de Fran- 
cia's method and established (see [4]) that estimate (2) is fulfilled for all 
< p < 2. They used the theory of Calderon-Zygmund operators on Hardy 
spaces H p . The question naturally arises: is any analogue of estimate (1) 
fulfilled for the spaces dual to the classes H p (here we refer to the "real" 
Hardy classes, which are described, for example, in [6])? 

In [2, 4, 5], the authors studied, in fact, operators (or their duals) of the 
following form: 

S 1 f(x) = {e- 2ma - x M Am f(x)} and S 2 f(x) = {e~ 2mb ^ M A J{x)), 

where a m and b m are the left and right ends of A m respectively. It turns out 
that these operators are not bounded on the spaces dual to H p . We show 
this for the space BMO = (H 1 )*. Suppose 

!|M [0i??] (/)||bmo<C||/||bmo, 

where / G L 2 D BMO and C does not depend on / or rj. Consider some 
function tp G C°°(R) such that <p = 1 on [1,2] and cp = outside [0,3]. 
Then the operators corresponding to the Fourier multipliers <p(r)£), rj > 0, 
are uniformly bounded from L 1 to H 1 and, therefore, from BMO to L°°. But 
this means that ||/||bmo x provided supp / C [r),2r]]. On the other 

hand, if we put A = [0, ^77] , then ||Ma/||bmo — C||/||bmo by our assumtion. 
If supp / C [77,277], this implies that ||Ma/||l°° < C||/IU°°- But therefore, 
the Riesz projection (the antianalytic one) is uniformly bounded in L°° on 
all the functions such that their Fourier transforms have compact supports. 
This is a contradiction. 

However, after a slight modification, the operators S* 1 and S 2 become 
bounded on (H p )*. It is only necessary to smooth each multiplier XA m at 
one of the ends of A m . 

First, we need to discuss the spaces (H p )* that are determined by the 
Morrey-Campanato norms. 

Preliminaries: the Morrey— Campanato spaces. Let V\ be the space 
of algebraic polynomials of degree strictly less than %. We agree that 
Vq = {0}. For / 2 -valued polynomials, we use the notation Vi(l 2 ). Now we 
give the definition of the Morrey-Campanato spaces Cf'\ 
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Definition 1. Let i G Z + , 1 < p < oo, and s G (— n/p, i]. Suppose / is a 
locally integrable function on W 1 (scalar- valued or I 2 - valued). Then we say 
that / G &/ if 



1 / 1 



where the supremum is taken over all the cubes in IR n and the infimum is 
taken over all the polynomials in Vi or Vi(l 2 ). 

The John-Nirenberg inequality implies that BMO = for allp G [1, oo) 
(in the sense that the norms are equivalent). Moreover, we can state the fol- 
lowing proposition. 

Lemma 1. If i G N and < s < i, then Cy 1 does not depend on p, 
1 < p < oo. 

The proof can be found in Section 1.1.2 of [3]. Also the following lemma 
was proved. 

Lemma 2. I/O < s < 1 and 1 < p < oo, then the space C*' 1 coincides with 
the Lipschitz class Lip s that is determined by the seminorm 

\f(x)-f(y)\ 

Li Ps = SUp ' . 

x^y \ x y\ 

It turns out, that all the Campanato spaces (the spaces Cp' 1 for s > 0) can 
be renormed in a similar way. Namely, for a function / on M n and h G M n , 
we define the differences A^f by the recurrent formulas 

A 1 h f(x) = f(x + h)-f(x), A«/(x) = AiAr'/W, a = 1,2,.... 

Then we can state the following proposition. 

Lemma 3. Leti G N, 1 < p < oo, andO < s <i. Then for the space Cp 1 , we 
can choose a G N such that C^ 1 coincides with the class of locally integrable 
functions satisfying 

\A%f(x)\<C\h\ s , 

where C does not depend on x or h. The infimum of such C provides an 
equivalent seminorm on Cp'\ 

For example, the spaces C^' 2 coincide with the so-called Zygmund class Z 
that is determined by the condition \A 2 f(x)\ < C\h\. Details can be found 
in Section 4.1.1 of [3]. 
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Preliminaries: the maximal functions. Here we introduce the maximal 
functions corresponding to the Morrey-Campanato norms. 

Definition 2. Suppose s G E, 1 < p < oo, and i G Z + . Let = {/i m } be a 
collection (finite or countable) of measurable functions on IR n . We define the 
maximal function M itPtS h by the formula 

M i , r > W =supinf 1 J^( 1 i I /| ft -P|f 2 ) 

Q 

where the supremum is taken over all the cubes containing x and the infimum 
is taken over all the collections P = {P m } of polynomials P m G TV 

Remark 1. Let h = {h m } be a countable collection of measurable functions 
on M n such that M ijPjS /i(xo) < oo at some point Xq. Then there exist a 
collections P = {P m } of polynomials P m G Vi such that h — Pe Lf oc (R n , Z 2 ). 

Proof. Consider some cube Qi containing xq. By Definition 2, we can choose 
a collection Pi of polynomials such that h — P\ G L p (Qi,/ 2 ). Also, consider 
another cube Q 2 ? Q2 ^ Qij an d a corresponding collection P 2 such that 
h-P 2 e LP(Q 2 J 2 ). We have 

P 2 -P 1 = (h- Px) - (ft - P 2 ) G L p (Q 1? / 2 ). 
Thus, P 2 - Pi G Pi(/ 2 ) and 

/i - P = (ft - P 2 ) + (P 2 - P) G L p (g 2 , / 2 ). 
Therefore, we may set P = Pi. □ 

Lemma 4. Suppose 1 < p < 00. Let s G 1 and i G Z + 6e parameters such 
that i > s. Suppose (3 is a positive number and, besides, (3 > max{s,i — 1}. 
Consider a measurable function f (scalar- valued or l 2 -valued) on M. n such 
that Mi jPjS f is finite at least at one point. Then the function 

i/toia+ixr*)- 1 

is integrable. 

This lemma was implicitly prove in Section 4.4.1 of [3]. 

Also we need a certain modification of Mj iPiS /. In [3], the authors intro- 
duce projections that act from L P (Q; p|) onto Vi and allow us to choose 
polynomials at which the infimums in the definition of M iyP ^ s f are attained 
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roughly. Namely, for a scalar- valued or / 2 -valued function / G L 1 1 oc (M n ), the 
function M itP s f is equivalent to the following expression: 

ff.„/w=-p^(^/i/-%/r) 1/P , P) 

Q 

where the supremum is taken over all the cubes centered at x. Details can 
be found in Sections 1.2.2 and 4.4.1 of [3]. 



The main result and corollaries. First, we state a preliminary version 
of the main result. Namely, in order to avoid complications with definition 
of Fourier multipliers, we additionally assume / G L 2 (R). 

Theorem 1. Let A. m = [a m ,b m ] be pairwise disjoint intervals on R with 
lengths l m = b rn — a m . Here the index m runs over some finite or countable 
set M.. Suppose ^ (a m ,b m ) for any m G M. Consider two functions ifj 1 
and ip 2 in C°°([0, 1]) such that 

supp vp 1 C [0, f ] , supp i/j 2 C [§, l] , 
ifj 1 + ^ 2 = l on [0,1]. 

We extend the functions ip a , a = 1, 2, on the whole line by zero and introduce 
their transformations supported on A m : 



i in 

Let f G L 2 (IR). We define two linear operators S a by the formulas 



S 1 f(x) = \e- 2ma ~ x (fy 1 m ) V > 



x, 



(4) 



Then we have 

M rXs (S°f) < CM i>2>s f, 

provided s G R, i G Z + , r G N, i > s, andr > m&x{s,i — l}. 1 The constantC 
does not depend on f or {A m }. 



^^From now on, the letters s, i, and r always denote parameters for which such relations 
are fulfilled, unless otherwise stated. 
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Suppose / is a function such that M ijPjS f is finite at some point, and </? 
is a function in S. Then Lemma 4 immediately implies the following: the 
Fourier transform of / is well defined, f*(p€ C°°, f*ip G S', and f * tp = f ip. 
This allows us to state the final version of the main result where we lift the 
restriction / G L 2 . 

Theorem 2. Let A m and ip^, a = 1,2, be the intervals and the functions 
introduced in Theorem 1. Suppose f is a measurable function on R such that 
M^2, s f is finite at some point. Then for each m, there exist two sequences of 
functions ip^v e $ (their choice does not depend on f) and two sequences of 
polynomials p a m v G V r (depending on f) such that 

1) the sequences ip^ u converge to the functions ip^ in L 2 (IR) as v — > oo; 

2) there exist two functions g a = {g^meM i n L 2 oc (^,l 2 ) su °h that 

y {x) _ p i m ^ ^ 

{e~ 2mb ^(hU\x)-pl u (x)\ ^g 2 

as v — >■ oo, where the limits can be taken in L 2 (I, I 2 ) for any interval I. 

3) putting 

S'f = g\ 

we have 

M rAa (S° f) <CM h2 J, 
where the constant C does not depend on f or {A m }. 

It is not hard to see, that Theorem 2 immediately implies Theorem 1. 
The local estimates for the maximal functions yield the corresponding 
norm estimates. 

Corollary 1. Besides our usual requirements ons, i, andr (see Theorem 1), 
we suppose s G (— 1/2, i]. Then for f G C^'^IR), we have 

llS'/lkv < C|l/lkv> * = i,2, 

where the constant C does not depend on f or {A m }. 

In its turn, this proposition implies that the operators S u are bounded 
from BMO to BMO, from Lip,, to Lip s for < s < 1, from Lip x to Z, and 
from Z to Z. 



6 



2 Decomposition of S a 

We prove Theorem 2 for the multipliers ^ only. The proof of the other half 
is symmetric. 

First, we introduce some objects that are required for our proof. Let A, 
A > 1, be a number sufficiently close to 1. We choose a function 9 such that 
supp^C [A' 1 , A] and 

£0(£/A«) = l 

on (0,+oo). By 6 V we denote the functions such that = 6(£/A v ), i.e. 

9 v (t) = A v 6(A v t), and by A v we denote the intervals [A 1 '' 1 , A v+1 ). Note that 
supp 9 V C A v 

Using the partition of unity introduced above, we build the sequence 
For each m, we consider the intervals A v that intersect with [0, |Z m ] and 
denote the index of the rightmost interval by N m . Then we set 

It is clear that ^ „ — > ipL in L 2 as z/ — > oo. 
Further, we consider the intervals 

Jkj= [j2 k ,(j + 8)2 k ], k,jeZ, 

which can be obtained from the dyadic ones by 8-fold dilation with preserva- 
tion of the left ends. It turns out that any interval in M can, in some sense, be 
approximated by a certain interval J^j of the type described above. Namely, 
we can prove the following simple fact. 

Remark 2. For any interval A = [a, b], there exist indices k,j G Z such that 
A C |J fc j and |A| x | J kJ \. 

Proof. Choose index k such that 2 k < |A| < 2 fc+1 , and set 

j = sup {j EZ\(j + l)2 k <a}. 
Then it is easy to see that the interval J k ,j is required. □ 
Thus, for each m and v, we can choose indices k m>v and j m>v such that 

a m + A v C ~^Jk m>v ,j m>v 

and the lengths of this intervals are equivalent. By a m>v we denote the left 
ends of Jk m , v j m , v , i.e., we set a m>v = j m , v 2 km ' v . 
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Next, for each fcGZwe build a function such that 
supp0 fe cJfc,o and fc = 1 on |j fe)0 . 

Namely, let be a function in S such that supp C [0, 8] and = 1 on [1, 7]. 
Then we set <j> k (t) = 2 k <p{2 k t). 

Also, we need some smooth extension of ip 1 . Namely, let ip be a function 
in S such that ^ = ip 1 on [0, 1]. Besides, we introduce the functions (p m (t) = 
l m ip v (l m t). Note that y? m (£) = ?/>m(£ + a m) on [0, l m ] for each m. 

Finally, we set 5 mtV = a m>v — a m and 

9mAt) = f <f>k m M - y)e- 2ma -yf(y) dy. (5) 



Using all the objects introduced above, we can write the following identity: 

e- 2nfl ™1/i,) V (x) 

= J2j e 2m5 ^ T 6 v {x-r) I e^ i5 "-( r -'V m (r-t)^(t)^r, 

To verify this relation, it is sufficient to compare the Fourier transforms 
of its left and right parts. Denoting e 2m5m - vT 9 v (x — r) by p miU (x,r) and 
e- 27ri5 "^Vm(0 by $ m ,„(t), we have 

e- 2 * ia ™ x (fy m>v y(x) = J2 PmA^r) (^m,v*g m ,v)(r)dr (6) 

v=u R 

3 The merging operator R 

First, we study the operator R that transforms a double sequence of functions 
to an unary sequence by the formula 



R{{h m ,v}){x) = \ Pm,v( X > T ) h rn,v( T ) dT \ 

I ^— ' J J meM 



Remark 3. The operator R is L 2 -bounded. 

Proof. This follows immediately from the Plancherel theorem and the fact 
that each set supp 9 V can intersect at most with two other sets supp Q v -\ and 
supp0„ + i. □ 



S 



Remark 4. For any double sequence q of polynomials q m>v , we have Rq = 0. 

Proof. The Fourier transform of the function e 2 ™ Sm ' vT q m)V (r) is supported at 
the single point 6 m , v , which does not get into supp#„. Thus, 

Pm,v('-> T ) ( lm,v( T ) dr = °- 



□ 

Also, the kernel of R satisfies a certain smoothness condition. 

Lemma 5. Fix some m e M. For any interval I with center xq, there exist 
an I 2 -valued function 

Pm,l(x,T) = {p m)V j(x,T)} v( . z 

such that p m j(-, t) G V r {l 2 ) for any r, p m ,v,i(x, •) G S for any x, and 



X,T) -Pm,v,l(x,T)\ 2 ) ' < | Wr ''l, 1 (7) 



Va CJ/I 



r - x \ r+l 



for t ^ 21 and x £ I . 

Clearly, it is sufficient to prove this lemma for the functions 8 v (x — t) 
instead of p m i ,(x,r). The corresponding proof can be found, for example, 
in [2]. Also we provide its sketch in the last section. 

Let h = {h m ^ v } be an arbitrary Z 2 -valued function such that Mi^ yS h is 
finite at some point. We introduce a certain modification of R whose action 
on any such h is well defined. Namely, following Kislyakov and Kruglyak (see 
Section 4.4 of [3]), we consider some intervals J\ C J% C • • ■ whose union 
coincides with M. The L 2 -boundedness of R, together with Lemmas 4 and 5, 
implies that on each interval J a , we may construct the following I 2 - valued 
function: 

W a , h (x) = R( X 2j a h)(x) 

\ {P™A X ' T ) ~ P™,v,J a { X > T )) h mA T ) dT 



v=—oo 



R\2J a 

X £ J rj/ • 

Repeating the arguments from Section 4.4 of [3], we can prove that each 
function Wa+i^x) — W at h(x), x G J a , is equal to some polynomial in V r {l 2 ). 
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Thus, we can define the modification R of the operator R as follows. We set 
Rh = W^h on Ji. Next, we set Rh = W 2) h + -P on J 2 , where P is polynomial 
in V r (l 2 ) such that P = W 2 ,h — Wi t h on Ji- Further, we extend Rh to J 3 in 
the same way, and so on. 

Remark 5. For any I 2 - valued polynomial q, we have Rq G V r (l 2 ). 

Proof. We can use the arguments similar to those in Section 4.4.1 of [3]. 
Namely, we introduce the functions 

v=v M 

{r)dr)\ , xe J a . (8) 

M.\2J a 

It is easy to see that W£ h — > W a ,h in L 2 (J a ,l 2 ) as v — > — oo. Let h be our 
polynomial q. Then since are polynomials (by Remark 4), the function 
W a>q is a polynomial itself. □ 

Lemma 5, together with Remarks 3 and 5, implies the following proposi- 
tion, which can be proved in the same way as Theorem 4.21 in Section 4.4.1 
of [3]. 

Lemma 6. Let h be a measurable I 2 -valued function such that Mi^, s h is finite 
at some point. Then 

M r>2iS (Rh) < CM iA .h. 

Suppose 

h = {$m,D * gm,v}m£M,v=-oo...N m - (9) 

Lemma 6 allows us to reduce Theorem 2 to the estimate M r ^ )S h < CM^sf- 
Indeed, suppose this estimate is fulfilled. By Remark 1, we can choose a 
collection P of polynomials in V r such that h = h — P is a function in 
L 2 oc (l 2 ). By Lemma 5, we obtain M r> 2, s {Rh) < CM r ^, s h (here we put % = r). 
On the other hand, we have 

Rh = W a ~ h + P a = lim (W»~ h + PZ) on each J a , 

where the functions W u =• are defined by (8), P a are polynomials (/ 2 -valued) 
such that the functions W a ^ + P a agree on different J a , the polynomials P£ 
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are chosen by the same principle for W 7 ^, and the limits is taken in L 2 ( J a , I 2 ). 
By identity (6) and Remark 4, we have 

W»~ h (x) + P»(x) = {e- 2 -^(/<J V (x) -<„(*)} , 

where p x m v are some polynomials that do not depend on a. So we reduce our 
theorem to the estimate M Tf2yS h < CM i2s f where h is defined by (9). 



4 Conclusion of the proof 

First, we get rid of the functions $ m> „. For this purpose, we introduce the 
simple operator 

&({g m ,v}) = {^m,v*9m,v} meMv= _ OQ Nm - 

By Remark 1 and Lemma 4, the operator $ is well defined for any sequence 
of measurable functions g = {g m ,v}j provided M ij2s g is finite at some point. 
The Plancherel theorem immediately implies that <fr is L 2 -bounded. Also it 
is clear that if P is a sequence of polynomials in Vi, then each element of <frP 
is also a polynomial in Vi. Finally, we may state the following smoothness 
condition for the kernel of 

Lemma 7. Fix some meM and v = — oo . . . N m . Then for any interval I 
with center tq, there exist a function Pm,v,i(i~,t) such that p m>v j{- ,t) G V r for 
any t G R, Pm,v,l(T, •) G S for any r G R, and 

C r \I\ r 

\®m,v( T ~ t) - Pm,v,i(r,t)\ < r for t(£2I and re I. 

\t-T \ r+1 

Here the constant C r does not depend on m or v. 

The proof of this lemma is trivial. However it will be presented in the 
last section. Lemma 7, together with L 2 -boundedness of $ and the fact that 
$ transforms polynomials into polynomials, implies the following lemma, 
which can be proved in the same way as Theorem 4.21 in [3] (but without 
complications concerning the definition of the operator). 

Lemma 8. Let g be a sequence of measurable functions such that Mi^ s g is 
finite at some point. Then 

M r , 2 , s {$g) < CM ii2 ,.g. 
So it remains to prove that for the functions g m>v defined by (5), we have 

^r,2,s ({9m,v}m£M, v=-oo...N m ) < CM h2 J. (10) 
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Rubio de Prancia's operators. We split each sequence {— oo, . . . , N m } 
into 100 subsequences (here d — 1 . . . 100) in the following way: v gets 
into V^j if the residue of N m — v modulo 100 equals d. The following remark 
is almost obvious. 

Remark 6. Each collection {Jk m „ i„ „) KA , d — 1 . . . 100, consists of 
pairwise disjoint intervals, provided A is sufficiently close to 1. Besides, these 
intervals do not contain the origin. 

Now let A be any subset of 1? such that {Jk,j}(k,j)eA is a collection 
of pairwise disjoint intervals that do not contain the origin. Consider the 
operator H defined by the formula 

Hf(t) = J K {t,y)f(y)dy 

R 

where 

K(t,y) = {KkAt,v)\ iJ)eA = {Mt-y)e- 2 * ij2ky } ik!j)eA . 

Such operators were first considered by Rubio de Francia in [5]. We prove 
the following lemma, which, together with Remark 6, immediately implies 
estimate (10). 

Lemma 9. Let f be a measurable function such that M^ sf is finite at some 
point. Then we have 

M rj2>s (Hf) < CM iA .f. 

As usual, first we study the behavior of H in L 2 and on polynomials. 
Remark 7. The operator H is L 2 -bounded. 

Proof. We have 

j2 k + supp0 fc C J k j, 

and the collection {Jk,j}(k,j)eA consists of pairwise disjoint intervals. But by 
the Plancherel theorem, all this implies the L 2 -boundedness of H . □ 

Remark 8. We have Hq = for any polynomial q. 

Proof. The Fourier transform of the function e~ 2m ^ 2ky q{y) is supported at 
the single point — j2 k . But from the fact that ^ J^j for (k,j) G A, it 
follows immediately that — j2 k ^ supp0fc and, therefore, Hq = 0. □ 

The kernel K(t, y) satisfies the following smoothness condition. 
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Lemma 10. For any interval /ci, there exists an I 2 -valued function 

qi{t,y) = Uk,jA^y)} {kJ )eA 

such that qi(-, y) G V r (l 2 ) for any y, q k jj(t, •) G S for any t, and the following 
relation is fulfilled: for any £ G l 2 , any t G /, and any o G N, we have 

(J \(K(t,y)- qi (t,y),0ii\ 2 dy^ ' < C \I\^' 2 |£h (11) 

la 

where I a = 2 a+1 I \ 2 a I and B r = r + 1/2. 

Very similar estimates can be found in [2, 4, 5]. However the exponent B r 
was never calculated precisely. Since we need its exact value, we provide the 
proof of Lemma 10 in the last section. 

Now we have all the components to prove Lemma 9. Our proof is similar 
to the proof of Theorem 4.21 in [3], but slightly more complicated due to 
complexity of condition (11). 

Proof of Lemma 9. Consider a point yo such that /i = Mj >2iS (/)(?/o) is a 
finite number (we recall that M it2yS is defined by (3)). Then for any interval / 
with center yo, we have 

|^(l^/l/-M 2 ) 1/2 <f, 

where // = 

Let Pj be a sequence of polynomials in V r such that 
Hf{t) - Pj(t) 

= H( X 2i(f-fi))(t)+ f {<t,y)-q I (t,y))(f(y)-f I (y))dy. (12) 

R\2I 

If we verify the estimate 

i 

then we will prove Lemma 9. 

First, we present some propositions from the book [3]. The following 
simple lemma can be found early in it. 
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Lemma 11. For any two cubes Q C Q\ C W l and any polynomial p G Vi 
we have 

1/2 



where a constant C depends only on i and n. 

The properties of tyi imply the following estimate (which also can be 
found in [3]). 

Remark 9. For any interval /, we have 

4r I \hi-fi\ 2 Y 2 <c(j^ I \f-h/ 



i\ J ,J J 1 ) Vl 2/ I 



21 



Proof. 



1 



1/2 / i r \ 1/2 

2 



<c(t7t / \f-hi\ 2 ) ^ C '\^T\I \f-f" 



21 

□ 



Now we consider the first summand in the right-hand side of (12). Using 
the L 2 -boundedness of the operator H, we obtain 

?\ 1/2 
\H( X 2i(f-fi))\J 



< 



21 

c (jrJ 1/-/2/I 2 ) 1 +c\\f 2I -f I \\ Lao{2I) . 



By Lemma 11 and Remark 9, we have 

\\f2I-fl\\L^2I)<CT (1- J \fa-fA ' 



1 



1 

1/2 



< C ' [uTFi / \f-f- 



\2I\ 



121 



|2 



21 
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Combining this inequality with the previous one, we come to the following 
estimate: 

1 /2 

]7jj(|7|/l^M/-//))|j) <<^. 
i 

It remains to treat the second summand in (12). We set 
W(t)= [ (K{t,y)-q I (t,y))(f{y)-f I {y))dy. 



We can write 



AM 



1/2 



1/1-1/2 



sup 

u: ||«||<1 



[u(t),W(t)) l2 dt 



< \I\- 1 ' 2 



sup 

u: |'u||<l 



- fi(y) \ \(u(t),K(t,y) - qi(t t y)) p \dydt, 



where the supremum is taken over the unit ball in L 2 (I,l 2 ). By Cauchy- 
Schwarz inequality, we obtain that the last expression is not greater than 



^sup jr( I \f(v) - My)\ 2 dy) 



1/2 



/ \(u(t),K(t,y) - qi{t,y)) p \ dy ) dt. 

I la 



1/2 



Lemma 10 implies that the second multiplier in each summand can be esti- 
mated by 

C2 -a(l/ 2+ r) \I\-V* j \ u (t)\ l2 dt < C'T-^I^. 



Therefore, we must estimate the following expression: 



| /r l/2g 2 - CT (l/2 + ^| \f- fl \^ 



1/2 
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We can write 

\f-fi~ 



2<*+ 1 I 

/ r \l/2 ° 

~ ( / l^ _ ^ 2<T+1/ | 2 ) + |2 g+1 /| 1/2 ||/ 2 °+ 1 J - /2°/||l°°(2 ct + 1 J)- 



Applying Lemma 11 and Remark 9, we obtain 



||/ 2 a+l/ — /2 q /||l°°(2 ct + 1 7) < C( jl J ( |2aJ| i 



2«i" 

1/2 

|2 



1/ - /2 Q +!/| 



2^+1/ 



Substituting the last expression into the previous estimate, we get 
/ r \ V 2 

I / I/-//I 2 < C|2 CT+1 /| 1 / 2 |/| s /i2 CT ( i - 1 ^2^" i+1 ). 

W ' a=l 

Finally, we have 

I I M I J ' cr=l a=l 

The sum over a is dominated by a constant if s — z + 1 < 0, by <r if s — z + 1 = 0, 
and by C2 a ^ s ~ t+1 ' ) if s — z + 1 > 0. Since r > max{s, i — 1}, we see that the 
series in a is convergent in any case, and we are done. 



5 Smoothness conditions 

In this chapter we prove Lemmas 5, 7, and 10. 

The proof of Lemma 5. Such estimates are widely known, and the corre- 
sponding proof can be found, for example, in [2]. Here we provide its sketch. 
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Let P uv be the Taylor polynomial of 9 V at the point u of degree r — 1. 
Put p v j(x, t) = P xo -t,v{% — T )- Since 9 6 «S, it is easily shown that 

|0„(x - r) - p V)J (x, r)| < C r ,/3 ^ (r+1) \x - x \ r (1 + A v \r - x |)- /3 , 

^ = 1,2, 

Letting f3 = and /3 = r + 2, we obtain 

|0„(x-t) -*v(x,r)| < CV^ (r+1) |/r, (13) 
l^-Tj-p^Tj^ari ^_ (14) 



Estimate (13) is better then (14) exactly when A" < We set 

Pm,v,i(x,r) = e 2m5m ' vT p v j(x,T) and split the sum in (7) into two: the first 
over all v such that A v < -, — - — , and the second over all remaining v. Us- 
ing (13) for the summands in the first part and (14) for the rest, we obtain (7). 

The proof of Lemma 7. Let P u , m ,v be the Taylor polynomial of $> m ,v at 
the point u of degree r — 1. We recall that $ m ,„(t) = e~ 2m5m < vt tp m (t) and 
f m (t) = lm<p(lm,t), where is a certain function in S. Put p m ,vjij,t) = 
P n) -t,m,vij — t). Then we have 

\$m,v(T-t)-Pm,vAT,t)\<C r £ |r - T | r J# fo) | , 

0<a,a'<r 
a+a 1 =r 

where 77 lies between t — t and To — £. Since |r — £| x \tq —t\, we obtain 

\r ~ r \ r S^ V \^'\ V )\ < C rS \r - r \ r 8^ v + l m \t - r \)^, 

/9 = 1,2, — 

Note that 5 mi „ < l m . Thus, letting /3 = and /3 = r + 2, we have 
|$m,„(r - t) -p m ,„,/(r,t)| < a-C 1 
I $ m ,v (t - t) - p m>Vt i (r,t)\ < 



C r \I\ 


r 




t - 




Y+2 



Using the first inequality if l m < jr~y an d the second otherwise, we come to 
the estimate desired. 
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The proof of Lemma 10. Similar estimates and their proofs can be found 
in [2, 4, 5]. For completeness, we repeat the proof here. Besides, we calcu- 
late B r . 

As we will see, estimate (11) can be proved for any set A of pairs (k,j) 
and does not depend on it. So we suppose the set A coincides with the 
whole Z 2 . 

We define the polynomials Pk,i{t, y) for the functions <pk the same way as 
we defined p v j for 9 V . Estimates (13) and (14) are fulfilled for <pk and pk,i 
when A = 2. We define the function qi(t,y) by the formula 

qi (t,y) = {ftj,/(t,y)} (M6A = {Pv&y)*-™'*"}^. 



Also we put 



7fc, CT = sup \<frk(t - y) - Pk,i(t,y)\. 
yei*,tel 



In this notation, we have 



1/2 



< 



< 



*(t,y) - qi(t,y),0\ d v 

/ (Yl \Mt-y) -Pk,i(t,y)\\ J2^ e 

k I, j 



-2irij2 k y 



dy 



1/2 



-2irij2 k y 



2 \ V2 

dy 



(15) 



Ik, 3 e 



2ni j2 k y 



dy 



1/2 



here we have used the triangle inequality in L 2 and the Cauchy inequality 
for sums. 

Next, by (13) and (14), we obtain 



Ik, 



a <C r 2 fc(r+1) |/| r , 7fc a < C r 2~ k |/|~ 2 2-( r+2 >. 



(16) 



The second estimate is stronger then the first exactly when 2 > |7| 2 CT . 
Splitting the sum 7^ i<T into two corresponding parts, we have 



fc: 2 fe <|/|- 1 2- CT 

< c;2- ,j(r+1) ur 1 . 



fc: 2 fe >|i"|- 1 2- 



(17) 
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It remains to estimate the second factor in the last expression in (15). 
Making the substitution y = 2 k y and using the Riesz-Fischer theorem, we 
have 

-k. 



-2wij2 k y 



dy< 



IT 3 



' C2 a+1 \I\J2\tk,j\ 2 , 2 CT+1 |/|>2- 



j 

12 
,31 ' 



2 CT+1 m < 2- k . 



By these estimates and inequalities (16), we obtain 



2mj2 k y 



dy 



T 3 

1 a 



k: 2 k <\I\~ 1 2~< T ~ 1 k: 2 k >\I\- 1 2-"- 1 

<C r |elp( S 2 fcr -|/| r + Yl 2~ k 2^ r+1 ^ +1 \I\- 1 

k: 2 k <\I\- 1 2-°~ 1 fc: 2 fc >|/|- 1 2- CT " 1 

<C' r \t\l2-™. 

Combining this estimate with (17), we conclude the proof. 
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